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ABSTRACT: We identify the auxiliary fields in the hypermultiplets of type IIB string theory
compactified on a Calabi-Yau manifold, using a combination of worldsheet and supergrav-
ity techniques. The SUSY-breaking squark and gaugino masses in type I1B models depend
on these auxiliary fields, which parametrize deformations away from a pure Calabi-Yau
compactification to one with NS-NS 3-form flux and SU(3) x SU(3) structure. Worldsheet
arguments show that such compactifications are generically globally nongeometric. Our
results, combined with earlier results for type IIA compactifications, imply that these de-
formations are the mirrors of NS-NS 3-form flux, in accord with work from the supergravity
point of view. Using the worldsheet current algebra, we explain why mirror symmetry may
continue to hold in the presence of fluxes breaking the symmetries (e.g., (2,2) SUSY) on
which mirror symmetry is typically taken to depend. Finally, we give evidence that nonper-
turbative worldsheet effects (such as worldsheet instantons) provide important corrections
to the supergravity picture in the presence of auxiliary fields for Kahler moduli.
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1. Introduction

In this article, we compute the auxiliary fields of A' = 2 hypermultiplets in type IIB Calabi-
Yau compactifications to four dimensions. In type IIB, these multiplets contain the Kéahler
moduli and the dilaton-axion, as well as the RR axions. This work is a continuation of the
program begun in [}, B], which focused on the vector multiplets.

Our work has several motivations. The first, stemming from particle physics model
building considerations, is that expectation values for these auxiliary fields generate explicit
SUSY-breaking terms in the low energy four dimensional theory [[J]. This has proven useful
for understanding /' = 1 flux compactifications. For example, it was shown in [i], P,
that the flux-induced superpotential W = [ G3 A Q derived in [H-[ can be computed as a
term explicitly breaking N' = 2 to A/ = 1 supersymmetry, proportional to the expectation
values of auxiliary fields in vector multiplets.

The same computations are also useful in studying N' =1 to N' = 0 supersymmetry
breaking at lower energies in models with D-branes and /or fluxes. If N = 2 supersymmetry
is broken at a higher scale than A/ = 1, as happens in many flux compactifications, and
N =1 supersymmetry is broken at a still lower scale, one can separate the auxiliary fields
into those (call them Fijgn) whose expectation values break N/ = 2 to /' = 1, and those
(call them Fj,,) whose expectation values break N’ =1 to N/ = 0. After performing the
necessary orientifold projections compatible with the N/ = 1 supersymmetry, our results
should allow the closed string fields to be written as N/ = 1 superfields with auxiliary fields
of type Flow. The auxiliary fields in these supermultiplets then parametrize supersymmetry
breaking in the low-energy N' = 1 effective Lagrangian. In particular, the SUSY-breaking
squark and gaugino masses will depend on the auxiliary fields we compute here [EI, E] In
the conclusions we will discuss some recent work on building SUSY-breaking string models,
for which the results here and in [, f] have some relevance.

A second motivation for our work arises from the desire to extend the powerful results
of mirror symmetry to compactifications with N/ < 2 spacetime supersymmetry. For type II
compactifications these involve NS-NS fluxes, and finding the mirrors of compactifications
with such fluxes is a long-standing problem. However, in the cases that we can understand a
compactification with N < 2 supersymmetry as a deformation of a N' = 2 compactification
by expectation values for auxiliary fields, we can make progress by understanding the action
of the mirror map on these auxiliary fields.



More precisely, the auxiliary fields for hypermultiplets in type IIA (whose scalar com-
ponents include the complex structure moduli) have been identified in [fl, ff] as a combi-
nation of NS-NS 3-form flux and a subset of the SU(3) intrinsic torsion classes.! These
torsion classes parametrize deformations of the compactification away from a pure special
holonomy compactification. The mirrors of these fluxes and torsion classes should be the
auxiliary fields for the type IIB hypermultiplets, which include the Kéhler moduli.

Supergravity arguments already suggest an answer. The mirrors of type IIA compact-
ifications with purely electric? NS-NS flux in H®Y(X) @ H1?)(X) and intrinsic torsion
of type W3 4, have been identified with “half-flat” manifolds [J—[7]. For more general NS-
NS flux, the mirrors have been identified with compactifications of SU(3) x SU(3) struc-
ture [[Id, [L1], [§].> On the other hand, considerations of the effective four-dimensional super-
potential [[[§-P4] and of the action of T-duality transformations (such as mirror symmetry)
on NS-NS flux [2H-R9 indicate that these mirrors should be generically nongeometric in
the sense discussed in [B{] (other related approaches to nongeometric backgrounds include
asymmetric orbifolds [B]—BH] and Landau-Ginzburg models [Bf]). One goal of the present
work is to make this claim more precise, and to relate auxiliary fields in IIB hypermultiplets
to (nongeometric) intrinsic torsions in SU(3) x SU(3) structure compactifications.

Our basic approach uses an N' = 2 superspace formalism that is natural from the
worldsheet point of view. Our computations confirm both lessons of the previous paragraph.
Auxiliary fields for Kéhler moduli correspond locally on the target space to intrinsic torsion
classes for background with SU(3) x SU(3) structure. However, when the two auxiliary
fields in a given multiplet are dialed independently of each other, the string background is
generically nongeometric.? This need for nongeometric structures becomes clear from the
worldsheet, as we will discuss. Furthermore, one can understand why mirror symmetry
may still be valid from the worldsheet point of view: it corresponds to reversing the sign
of a U(1)g current, which exists even though it is no longer conserved.

Note that while the torsion classes are typically defined without reference to an un-
derlying (pre-deformation) Calabi-Yau manifold, the picture that we adopt here is that
one starts with an ordinary Calabi-Yau compactification, and then deforms that compact-
ification as parametrized by the fluxes and torsion. However, it is not known that good
compact examples of the types we discuss are related by any physical process (such as
domain walls [, B7]) or sensible mathematical deformation to a Calabi-Yau background
with D-branes and orientifolds. For noncompact local models, however, one can make
arbitrarily small, continous deformations of the flux and torsion classes, and we will to
a large degree focus on such models here. (Our observations about the relationship to

'In the notation of [E], the relevant torsion classes are W3 and Wa, defined in section 2.4 below.

2Here, purely electric NS-NS flux means flux through the A cycles but not B cycles, in a symplectic
basis of Hs.

3Here, SU(3) x SU(3) refers to the structure group of an extension of the bundle T'@®T*, or equivalently,
to distinct left and right moving SU(3) structures of the usual frame bundle.

4Note that refs. fﬂ] also consider backgrounds with “R-flux,” which are not even locally geomet-
ric. We suspect that we are missing the fluxes because we are considering deformations of a geometric
background.



nongeometric models also holds for compact examples, but the specific arguments there
do not depend on any relation to a nearby Calabi-Yau). At any rate, we hope that the
current work, combined with the many results regarding the action of mirror symmetry on
D-branes, will be a useful guide to the story for fully compact models.

The fact that the compactifications we study are globally nongeometric demonstrates
that supergravity is insufficient. Furthermore, the auxiliary fields for hypermultiplets in
type IIB induce superpotentials for the Kahler moduli of the underlying Calabi-Yau geom-
etry; at the minimum of the resulting potential, the volumes of some cycles will generically
be string scale. In section 6, we provide direct arguments that worldsheet instanton ef-
fects are important. The reader may sensibly object that most of our analysis nonetheless
uses the supergravity approximation. To the extent that we study local noncompact mod-
els, and can consider the hypermultiplet auxiliary fields to parametrize small, continuous
deformations of Calabi-Yau backgrounds (as opposed to discrete deformations), we are
on good footing. Compact models will require a stringy version of the mathematics of
SU(3) x SU(3) structure, as well as need to satisfy additional constraints, as in [B§]. Hope-
fully, the worldsheet perspective in this paper will provide the first step in this direction.
More generally, we feel that our worldsheet perspective gives a useful organization of and
insight into generalized geometries.

2. Review

In this section, we review some facts about compactifications that give N' = 2 effective
actions; this means that the Lagrangian is invariant under off-shell N’ = 2 supersymmetry
transformations, but expectation values for auxiliary fields break the A/ = 2 supersymme-
try. We open in section 2.1 with a discussion of the A" = 2 superspace expansion of [B]—[Z]
for hypermultiplets, and discuss the auxiliary field structure. In section 2.2 we review the
relationship between spacetime supersymmetry in four dimensions and G-structures on the
compactification manifolds. In section 2.3 we review the relationship between spacetime
and worldsheet supersymmetry. Finally, in section 2.4 and section 2.5 we review some basic
facts about SU(3) structure and SU(3) x SU(3) structure, respectively.

2.1 N = 2 superspace expansion of hypermultiplets

In this paper, we study type IIB theories with closed string modes that lie in N = 2
supermultiplets. As described in the previous section, this makes sense in models for which
N = 2 supersymmetry is broken to N' = 1 at a lower scale than the compactification
scale, or is so broken by local defects in the compactification. Many of the type II flux
compactification models that have dominated the recent literature on string model-building
fall into this class [£3, [[4], as do Hofava-Witten compactifications [, [if] for a broad range
of parameters consistent with coupling constant unification [i7, [i§]. We focus on type IIB
models in this paper.

Following ref. [f], our interest is in breaking AN/ = 2 supersymmetry to N' = 1 or
N = 0 through expectation values of bosonic auxiliary fields in N' = 2 multiplets. These
expectation values appear in nonzero (non total derivative) supersymmetry transformations



of the fermions, so that the state breaks supersymmetry. Note that consistent N’ = 1 or
N = 0 compactifications to four dimensions include orientifolds which may project out half
or all of an N' = 2 multiplet. However, if A/ = 1 supersymmetry survives to low energies,
the surviving closed string fields should descend from the original N = 2 theory via the
orientifold projection, and the surviving auxiliary fields in the A/ = 1 multiplets control
the SUSY-breaking terms of this more realistic model.

In [, f], the focus was on vector multiplets of the underlying type IIB d = 4, N' = 2
model, and on hypermultiplets of type ITA. In this work we focus on the hypermultiplets
of type IIB (our results will also give the NS-NS auxiliary fields for the type ITA vector
multiplets). There are various off-shell extensions of A/ = 2 multiplets whose on-shell
bosons all have spin zero. However, there is a particular off-shell extension that appears
to be natural from the point of view of the string worldsheet. It follows from the N' = 2
superspace formalism of refs. [B-[J]. In this formalism, the anticommuting superspace
coordinates are a pair of spinor-valued Grassmann variables (Ha,éa) and their complex
conjugates (fg,0s). Each pair is a doublet of Weyl spinors under the SU(2)g symmetry
of d =4, N' = 2 supersymmetry. If we choose a direction in the doublet representation of
SU(2)g, the corresponding Weyl spinor is the superspace Grassmann variable of the N' = 1
subalgebra of the A/ = 2 supersymmetry.

The doublet of Grassmann variables arises very naturally from the worldsheet [[l, B, 2.
For type II strings with A/ = (2,2) worldsheet supersymmetry, currents for spacetime
supersymmetry can be constructed from both the left- and right-moving sectors of the
worldsheet [I9, B, leading to a natural decomposition of V' = 2 spacetime supersymmetry
into two N = 1 subalgebras. The spacetime supersymmetries formed from the left- and
right-moving sectors of the worldsheet form an SU(2)xr doublet; the SU(2)r symmetry is
nonperturbative on the worldsheet. As in [iJ], we take 6 to be the superspace variable
corresponding to the N' = 1 subgroup of the spacetime supersymmetry built from the left-
moving sector of the worldsheet, and 6 to be the superspace variable corresponding to the
N = 1 subgroup of the spacetime supersymmetry built from right-moving worldsheet fields.

The N = 2 superfield for a hypermultiplet is chiral with respect to the left mov-
ing supersymmetry and anti-chiral with respect to the right-moving supersymmetry. Its
expansion in the superspace Grassman variables is:

H® = w + 0°xG + 07X + 0%y" + 0%
+6°6%" S+ 00 + 0967 + 0%0%C (2.1)

Here w® is a complex scalar, and F, = 9,¢%, where ¢” is also a complex scalar; y*, y* and
C?® are auxiliary fields, and a simply labels the moduli and runs over the appropriate range
of values, i.e.,

a=1,....,h)  type IIB,
a=1,...,h1? type ITA, (2.2)

in a Calabi-Yau compactification.



2.1.1 Hypermultiplets in type IIB

Consider type IIB string theory compactified on a Calabi-Yau manifold X, with {w,}
a basis of HOD(X). The Kéahler form can be written as J = t%w,, where the % are
the real Kahler moduli of the compactification. Vacuum expectation values B = b%w,
for the NS-NS 2-form potential also preserve spacetime supersymmetry. In this case we
define complexified Kéhler moduli w® = b* + it*, which are again purely NS-NS fields.
Supersymmetry transformations act with a half unit of spectral flow, mapping the NS
sector to the R sector and vice-versa. Therefore, the field, ¢® in eq. (R.J]) is an RR field,
and y® is an NS-NS auxiliary field. The field ¢® can be constructed as follows. The RR
two-form C'?) contributes massless modes via the decomposition C' = 3 c®w,. The RR
four-form C'¥ gives four-dimensional two-form potentials dual to scalars, via the expansion
oW =3 &y wa. We write 0,0% = 0,,¢® +i(*de?) ..

The universal hypermultiplet, which includes the four-dimensional dilaton ¢ (not to be
confused with the RR scalars ¢® just discussed), arises in a different way. For this multiplet,
the natural complex NS-NS scalar is written w? = a+ie~2?, where the pseudoscalar a is the
four-dimensional dual of the NS-NS 2-form B,,,,. However, the worldsheet naturally couples
to B, not a. Correspondingly, in ref. [, the dilaton has a different superfield description
than that described in eq. (@) one decomposes a real scalar A/ = 2 superfield into
superfields for the graviton and dilaton multiplets, and the NS-NS 2-form arises directly in
the latter. The corresponding auxiliary fields are Ramond-Ramond. However, from a four-
or ten-dimensional spacetime point of view, there is no problem in principle with writing the
dilaton multiplet in the form (R.1]) with w? as described, even if there is no obvious vertex
operator description of w?. We will find a thus natural candidate for y? from a spacetime
rather than worldsheet point of view. It would be interesting and important to construct
the auxiliary fields in the dilaton multiplet as presented in [IJ. It may also be important to
understand the auxiliary fields in other off-shell presentations of the hypermultiplets, such
as the various multiplets that arise from projective superspace [@] In particular, some
string compactifications in the literature — e.g. [63, b3 — have F-terms in the dilaton
hypermultiplets which are combinations of NS-NS and R-R fields, as we will discuss below.

In [id], the number of off-shell degrees of freedom in the multiplet (B.1) is reduced by
imposing additional reality conditions 2H = 9?H = 0, where 9,9 are defined in . We
find that these constrain the components of H such that C* o 9w, and 3 = y* (which is
slightly different from the condition written in [IJ]). In the discussion below, we will not
impose such conditions, so that y and 4 are independent. This is consistent with the type
ITA picture discussed in [f]. For example, a background with y = 0 and 4 # 0 corresponds
to a background with an N' = 1 supersymmetry preserved (with Grassmann superspace
variables #). A noncompact example is the solution of [54, b5, as discussed in [fl].

2.2 Spacetime supersymmetry and G-structures

In ten dimensions, type IIB string theory contains two supercharges Qn of the same
chirality. The supersymmetry transformations are parametrized by two ten-dimensional
positive-chirality Majorana-Weyl spinors ey, where N = 1,2. For compactifications to



four dimensions, we write (cf. ref. [[[(])

en = (ne @Y + (v-@nY, (2.3)

where (y+ are four dimensional spinors, ng six dimensional spinors, and the subscripts £+
denote four dimensional and six dimensional chirality, respectively.®

2.2.1 N =2 supersymmetry and SU(3) x SU(3) structures

We begin by considering a compactification which is locally a smooth six dimensional man-
ifold M, which is well described by supergravity. Following [0, [[§], we demand that the
full effective action (including all of the massive Kaluza-Klein and string modes) be invari-
ant under N/ = 2 supersymmetry. Note that this condition is compatible with the presence
of nonvanishing expectation values of auxiliary fields: the action is still invariant under
N = 2 supersymmetry, but the state with these expectation values is not. Expectation
values for the auxiliary fields break N =2 to N =1 or N' = 0.

For the action of N/ = 2 supersymmetry to be well-defined, the spinors 7V must be
globally well-defined. When the solution is smooth and reliably described by supergravity,
one typically demands, as in [@, @], that the spinors are also nowhere-vanishing. This
condition usually follows from the demand that for a supersymmetric background, the
spinor 7 be covariantly constant, which implies that its norm is constant.

When the supersymmetry is nonlinearly realized, and still described by a nowhere-
vanishing spinor, it is possible for the corresponding N/ = 2 supersymmetry to be broken at
a low scale compared to the Kaluza-Klein scale. Spinors that do vanish at points or at loci of
finite codimension cannot be covariantly constant, and in nonsingular geometric compactifi-
cations correspond to a broken supersymmetry in the set of local ten-dimensional supersym-
metries. We expect the energy scale of breaking to generically be the Kaluza-Klein scale.”

In the work described here, we have in mind the case that the N' = 2 supersymmetry is
broken by expectation values of auxiliary fields at a low scale compared to the Kaluza-Klein
scale. We therefore consider backgrounds with two nowhere-vanishing spinors. For a spinor
to be globally well-defined, it must be invariant under the structure group G C Spin(6)
of the spinor bundle on M. Thus, the decomposition of the 4 of Spin(6) into irreducible
representations of G must contain a singlet. The generic (i.e. largest) structure group G
with these properties is SU(3). Each invariant, nowhere-vanishing spinor nN defines an
SU(3) structure on the spinor bundle. (This structure group is inherited by the frame
bundle® on M, so it is also possible to describe an SU(3) structure in terms of the frame

5The assigment of 6d chirality follows from the definition of the four-dimensional chirality operator as

5

7% = iv°...4® and the 6d chirality operator as in the appendix. Using the definitions of the 10d Clifford
algebra in eq. (2.2) of [@], then ™' =T1°...1° = —7‘(54d) ® ’y(76d).

SHowever, we will point out in section 3, section 6 that the vacua in truly compact SU(3) x SU(3)
structure models will generically have string-scale features; this is one of many dangerous games we play in
this paper.

"We thank D. Waldram and especially M. Graiia for patient correspondence on these points.

8The frame bundle is defined by its sections: a local section of the frame bundle is a choice of vielbein
basis, i.e., a “frame” of six 1-forms (or vectors) on each open set U € M. Usually, there is no global section;
in the special case that one exists, there are six global 1-forms e, and M is said to be parallizable.



bundle without reference to spinors.)

Since the Spin(6) spinors 77:1|: and 77:2t of eq. (2.3) need not be proportional to one
another, each generically defines an SU(3) structure distinct from the other. Thus, we
have two structures, SU(3)y, for N = 1,2. This is natural from the point of view of the
worldsheet, as we discuss further below: the spinors ' and 7? are generated from the
left- and right-moving sectors of the worldsheet, respectively. Each chiral sector of the
worldsheet has its own associated SU(3) structure.

It is possible to combine the two SU(3) y structures into a single SU(3) xSU(3) structure
in the “generalized complex geometry” of Hitchin et al [@, E6, @] In this case, the
generalized tangent space of interest is (a bundle extention of) T'@® T™* (M), with structure
group SU(3) x SU(3). In this generalized geometry, the role played by the SU(3)x invariant
Spin(6) spinors 7Y in the previous discussion is now played by SU(3); x SU(3), invariant
Spin(6,6) pure spinors: Q4 o« Renl @ n?2 of positive chirality and Q_ o« Re n} ® n?
of negative chirality. In this way of writing the pure spinors, SU(3); acts on the left
and SU(3)2 acts on the right. To reproduce the earlier discussion, all that is needed is a
projection from T'& T*(M) to T(M). As described in ref. [F7], there are two canonical
choices of this projection. One gives the group SU(3); associated to 7L, and the other
gives the group SU(3), associated to ni.

These various ways of encoding SU(3) x SU(3) structure are closely related to the
various presentations of the “doubled torus” in [5§] used to describe stringy torus fibrations.
(See, for example, [F9 for a systematic discussion of this formalism.) In that work, one
replaces a T™ factor (or fiber) in the target space with 72", on which the T-duality group
acts linearly. One may choose a polarization that splits this torus into two n-dimensional
factors. One choice is to split them into two T™ factors described by left- or right-moving
chiral bosons on the worldsheet. This is analogous to the tack we will take in this paper.
Alternatively, one may split the doubled torus into a direct sum of the original torus and
its dual. This is closer in spirit to the discussion in [56, p7].

2.2.2 N = 4 supersymmetry and local versus global SU(2) structures

For a generic SU(3) x SU(3) structure, the spinors are locally independent, and are only
parallel at isolated points. If they are mever parallel, then the two spinors define an
SU(2) structure. This allows one to define an N’ = 4 supersymmetry acting on the four-
dimensional theory, by reducing each of the ten-dimensional spinors €; 2 on either of the
six-dimensional spinors 7y 2.

If the spinors are parallel at points, there is a local but not a global SU(2) structure.
In principle, one could still reduce each of €12 on either of 712 and so define an N =4
supersymmetry. However, the fact that the spinors 7; » coincide at points means that one
of the putative supercharges in the N/ = 4 algebra will come from a reduction on a spinor
which vanishes at specific points in the moduli space. As discussed above, this means that
the N = 4 supersymmetry will be broken to N < 2, generically at the Kaluza-Klein scale.

2.3 Worldsheet vs. spacetime supersymmetry

N = 2 spacetime supersymmetry in four dimensions requires N' = (2,2) worldsheet super-



symmetry for the ¢ = 9 superconformal field theory describing the compact CFT [i9, B(].
The SU(2)r doublet of supercharges in the (—1/2,—1/2) picture can be written as:

QL@(Z) B 6_¢L/2SQ,L2L(Z) (2 4)
Qrp(z)) — \e /285 pER(z) '

Here ¢ g come from the bosonization of the superconformal ghosts, S, are the spin
fields for the R* sigma model factor of the CFT, and ¥, g are the U(1) charge —% spectral
flow operators for the ¢ = 9 compact SCFT, mapping NS < R. If the compact CFT is a
sigma model, then ¥ g can be written as spin fields for the sigma model coordinates, and
transform in the spinor representation of Spin(6). Supersymmetry requires that this be a
singlet of SU(3) C SO(6). Thus there is a map between the spectral flow operators and
these spinors.

The standard example of a sigma model with N = (2,2) worldsheet supersymmetry is
one with a Calabi-Yau target space M. In this case nL = 7% = n+ and V,,nt = 0. The
Levi-Civita connection on M has SU(3) holonomy, and thus M is guaranteed to be Ricci-
flat and Kéhler. This is not the most general possibility for N' = (2,2) sigma models [B(].
In the presence of nonvanishing NS-NS three-form flux, N' = (2,2) supersymmetry is
preserved if there are two almost complex structures Ji such that

Vi F & (it — H\JL ) = 0. (2.5)

Here, J; and J_ should be identified with J! and J? of section 2. If ¢/(2),
Wé(z) are the left- and right-moving spacetime fermions polarized along M, then J; g =
JL7R,W1[)£R¢Z7R are the left and right moving worldsheet U(1)z currents in the N' = (2,2)
algebra. One may construct ¥y rp by bosonizing these U(1) currents, and these will be
mapped to spinors which satisfy

1
Vun+£ gHWpF”pn =0, (2.6)

where the + is correlated with the d = 10, N’ = 2 supersymmetry from which n"V descends
(i.e., + < n! and — < n?). These backgrounds correspond to a particular class of SU(3) x
SU(3) structure compactifications. We are working with an off-shell presentation of the
hypermultiplets (R.1) for which the auxiliary fields are NS-NS. Other presentations may
involve RR fields. The RR flux would modify (.§) and (R.6), and may break additional
supersymmetry. However, since we do not know how to treat RR backgrounds in the RNS
worldsheet formalism, we will not study these effects in this section (see [p]).

We will be particularly interested in cases where N/ = 2 spacetime supersymmetry is
broken. If the supersymmetry is broken by NS-NS deformations to N’ =1 and the dilaton
does not become too large, the worldsheet supersymmetry is generically broken to N/ =
(2,1); if spacetime supersymmetry is broken entirely then the worldsheet supersymmetry
is broken to N' = (1,1). It is also possible that supersymmetry is broken simply because
the physical states no longer satisfy the R-charge quantization rule described in [[9, B(].
We believe that in terms of the N/ = 1 spacetime supersymmetry associated with this



R-symmetry, this breaking will be through D-terms, as is true in the open string case [52].
Following that work, we expect the argument to run like this: the complex NS-NS scalars
are described by a vertex operator with U(1)gr charge, and so a change of the R-charge
affects equally both real scalars in the spacetime multiplet. In particular the mass shifts
will be the same for both. This is characteristic of D-term breaking; F-term breaking leads
to mass splittings between scalars in chiral multiplets. The D-terms are auxiliary fields in
the vector multiplets. We leave verification of this scenario for future work. Meanwhile, the
statement that auxiliary fields in hypermultiplets break some of the ' = (2,2) worldsheet
supersymmetry is fully consistent with the results in this paper. In particular this typically
means that one or both of the U(1)r symmetries are broken.

The worldsheet manifestation of this is as follows. When spacetime supersymmetry is
broken through expectation values for the auxiliary fields y, 4, the N' = 2 transformations
will still act on the fields, albeit nonlinearly. On the worldsheet, we will find that the oper-
ators corresponding to y, i explicitly break the U(1)g charge. The R-current exists but no
longer satisfies (R.5); as we will describe below, the left hand side will contain torsion terms.

2.4 Review of SU(3) structure

The most general case that we are interested in has two SU(3) structures. To understand
them it is helpful to focus first on one SU(3) structure — this will also describe the well-
studied case in which the two SU(3) structures are parallel and can be made identical.

Manifolds with SU(3) structure can be classified by a set of intrinsic torsion classes.
These encode the failure of the corresponding positive and negative chirality spinors 7+ to
be covariantly constant with respect to the Levi-Civita connection:

Vit = (@m + 1dmy7)0+ + 1m0, (2.7)

where ~7 is the six-dimensional chirality operator, and G, ¢m, ¢mn are determined by the
intrinsic torsion of the manifold [L].
Alternatively, one may define an almost complex structure via:’

Jmn = =1 Ymn V774, (2'8)
where nlni = 1.19 The torsion classes measure the failure of J to be covariantly conserved.
A third description [J] is as follows: Define the two-form J with coefficients Jp,y; this has
index structure (1,1) with respect to the almost complex structure. Define also the (3,0)
form Q with coefficients

anp = =N YmnpT+ (2-9)

9See appendix A for a complete discussion of our normalization conventions.

ONote that our definitions and normalizations differ by factors of 2 from those given in , E] Our
definitions are consistent with the conventions given in appendix A. In particular there is a factor of 2
difference that appears in the Fierz identity given in appendix A.
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The torsion classes, which measure the deviation of the SU(3) structure manifold from
having (Levi-Civita) SU(3) holonomy, can then be defined as:

dJ = —;Im(ng) + Wi NJ+Ws
dQ = W2 + Wo AT +W5AQ . (2.10)

Here W7 is a complex 0-form, W5 is a complex (1,1) form where W5 A J is primitive
with respect to Jy,,, W3 is a real primitive (2,1) @ (1,2) form,'! W} is a real one-form, and
W5 is a (1,0) form. Note also that dJ can include a (3,0) @ (0,3) piece in addition to a
(1,2)®(2,1) component because the almost complex structure is generically not integrable.
Similarly, dQ) can include (2, 2) components. Using the Fierz identities given in appendix A,
we can define ¢,,, G, and ¢, in terms of the W;.

Each of the Wj lives in a definite representation of the SU(3) structure group. Any
given representation is most easily found by noting that holomorphic indices (with respect
to the almost complex structure J,,,") lie in the 3 of SU(3), while antiholomorphic indices
lie in the 3 of SU(3). Thus, W is a complex SU(3) singlet; W5 is a complex form in the 8
of SU(3); W3 in the 6 ® 6 of SU(3); and Wy, W5 lie in the 3 ® 3 of SU(3).

Following [[[]-[3, [[J], we can similarly expand the 3-form H in this (J,Q) basis as

H = —glm(Hlﬁ) + Hs+ Hy N J, (2.11)

and we will find it useful to do so in the following sections. The Hj lie in the same
representations as Wy, for k =1, 3,4.

2.4.1 Intrinsic torsion and the spin connection

Our computations in section 3 will use the relationship between the intrinsic torsion and the
components of the spin connection decomposed according to the almost complex structure.

Given a vielbein {eA}, A=1,...,6, considered as a collection of one-forms, we define
a complex vielbein

a _ €A=2a—1 +,L-6A:2a
ea — eA=2a—l _ ,l'eAzza7 (212)
where a = 1,2, 3. In this basis [§]

J = igaae® N e”

Q=clrne?AéP, (2.13)

where g,5 = %Uaa = %5@ is the flat metric in complex coordinates. The 2-form J defines
an almost complex structure after raising one index with the inverse metric g%®.
Using the Cartan structure equations,

de® = —w?. ANe® —w A e

= —wp%e? N e — wp®eel A e — wytee® A e — wp®cel A el (2.14)

1A form w is primitive with respect to J if w A J = 0.
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combined with (R.10) and (R.13)), we can relate components of the spin connection with
specific complex indices to different intrinsic torsion classes. Specifically, we find that

4 i 2% 7.
Wy = geabcwal_aé ) Hy = _éeabcH(zBE
cnad { 7
(W2)a5 = ZQCdawécﬁ) - _gaEQCdwaJf : (215)

3

(See also [p3].) Note in particular that the totally antisymmetric part of w will not
contribte to Ws.

2.5 Review of SU(3) x SU(3) structure

We will find that for general values of the hypermultiplet auxiliary fields y and 7, the
Spin(6) spinors 7"V (N = 1,2) are not parallel, so that we have two distinct SU(3) struc-
tures. Locally on M, the two spinors are independent almost everywhere, and may become
parallel only at isolated points. In a neighborhood in which the two spinors are everywhere
independent, the intersection SU(2) = SU(3); N SU(3), defines a local SU(2) structure.
However, this intersection is enlarged to SU(3) at the special points where the two spinors
nY become parallel. Therefore, globally, there are two SU(3) structures, but there is no
global SU(2) structure.

Given the doublet 1"V, one may define a doublet of real 2-forms JV and a doublet of
complex three forms QF,

T = —%ﬁN Ymny™ and Q= —%ﬁN Ymnp (1 + 7)™ (2.16)

Here, the pair (JV, Q%) provides an equivalent definition of the SU(3)x structure.
Accordingly we have a doublet WiV, ..., Wffv of the five torsion classes defined in eq. (2.1(]).
We will argue that N = 1,2 correspond to y, ¥, respectively. Furthermore, for each SU(3)
structure, there is an almost complex structure with respect to which we can write a
vielbein with complex tangent frame indices. For each such almost complex structure, the
intrinsic torsion classes WY can be written in terms of the spin connection as in (R.15).

Instead of defining a doublet of SU(3)y torsion classes, one could instead define a
single set of SU(3) x SU(3) torsion classes; typically, one would define them in terms of the
pure spinors built from ng , as in [[1]. However, the two descriptions are equivalent, and
the formulation given here will be the most useful for our purposes.

3. Worldsheet vertex operators for auxiliary fields

In this section we will follow [il, B] and use worldsheet techniques to compute y,  for Kihler
moduli in Calabi-Yau compactifications of type IIB string theory.

3.1 Worldsheet supersymmetry and target space geometry

Expectation values y # 0 or § # 0 break the left- or right-moving A/ = 2 superconformal
symmetries, respectively, down to N/ = 1. In particular, 4 # 0, y = 0, corresponds to a
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background with N = (2, 1) supersymmetry. This observation will be useful in interpreting
the vertex operator calculation.
A general N' = (1,1) worldsheet sigma model with NS-NS H-flux has the fermion

bilinear terms!?

L= _igpu¢ip—7pi - iguuwﬁp+¢i
G Devl = g0z vs + (9T, = $Hunp) Wi 0: X 8 (3.1)

where 1 (¢4) are left- (right)-moving worldsheet fermions. In addition, there are four-
fermion terms of the form Rityyyn) where Ry is curvature built from the connection
ry,, =T F $Hl,. Worldsheet V' = 2 supersymmetry for either the left or the right
movers requires the existence of a complex structure J_ or Jy, respectively, which satis-
fies (R.5) [B4]. (If both J satisfy (R.5), then the theory has ' = (2,2) supersymmetry).
This condition implies that the metric must be hermitian, the NS-NS three-form must be
of holomorphic type (2,1) with respect to the almost complex structure J; or J_, and

H;p=+T; = +i(9;9;5 — 3i9j15): (3.2)
where the sign in (B.9) is correlated with the sign 4 in J1. (In the case of (2,2) supersym-
metry, the geometry is bihermitian.)

3.2 Vertex operators for auxiliary fields

Vertex operators for auxiliary fields y,y are calculated as follows [, B, 63, f§]. For y¢,
we begin with the vertex operator for complexified Kéhler modulus w® = b + it® in the
(—1,0) picture,

Vu(;l’o) = e -0,

1 (3.3)
3

1

where 01 | has left-moving conformal dimension A = % and right-moving conformal di-

)

mension A = 1. Let 2 be the operator generating one unit of spectral flow (from NS to
NS) on the left-movers: for Calabi-Yau compactifications, it is = Qijkwi_w]_ ¥ . The
vertex operator for y* is found via the OPE:

=) + nonsingular. (3.4)

The vertex operator for 4 is constructed identically by exchanging left and right movers.
We are playing another dangerous game in writing such vertex operators, as they generally
do not correspond to propagating modes. Nonetheless, following [65, (6], they do appear
as coefficients of contact terms in certain OPEs, in precisely the fashion dictated by super-
symmetry.'3 Furthermore, the identification of these fields with specific fluxes and torsion
classes on the manifold M matches the spacetime arguments we will provide in section 4
and section 5.

12Gee appendix A for our conventions for H.
13GSee [@] for a recent discussion of this in the context of open string theory.
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Kéhler moduli w® correspond to (1,1) forms dgi5. The (—1,0) picture vertex operator
is:
VPO = e 6g80t 0y X!+ e 95g%0 0, X (3.5)
In order to compute the OPEs, we will expand around a constant background field X
in Riemannian normal coordinates, and pretend that we are working at large radius.'* The
scalars and fermions in this expansion have canonical kinetic terms, making a perturbative
calculation of the OPEs straightforward. Let the vielbein be e}, with m = 1,...6 the frame
indices, which can be organized into holomorphic and antiholomorphic indices a,a = 1,...3
by the almost complex structure, as discussed in section 2.4 above. Following the discussion
and notation of [B], we denote the components of the bosonic fluctuation relative to the
vielbein basis by ™, with fermionic superpartners ¥ = ey9*. The quadratic fermion
kinetic terms (B.1]) become

L= _inmnwa—¢i - Z"’/mrﬂ/)r—nl)+T;Z)ﬁ
nmnwggD:Fwi = TZJI [Tlmnailiwi + (Wmnp + %Hmnp) 1/@5;5’1 5 (36)

where wy,") = €mw,™p is the spin connection on M with the 1-form index converted to the
vielbein basis.

Let dg;; be a deformation of the Kéhler structure of the metric, corresponding to the
scalar w in a hypermultiplet. The corresponding (—1,0)-picture vertex operator is

VS = 7050, 046" + e 200,50 0460, (37)

where dg,; = g5 eflez. Here and below, we have suppressed the upper index a on w and
dg to avoid confusion with the complex vielbein indices a, a.
The spectral flow operator is:

1 L 1
Q(z) = 5%%#}1#}1#}5 = éeabd/ﬂl/}liwi. (3.8)
Using the operator product expansions 1% 12 ~ 1 and 9% ? ~ 0, we find that
VOO = 60g™ Quapts® ¢ 0 €, (3.9)
and similarly, ) )
VIO = 6gusg" Qa0 0", (3.10)

with similar expressions when idg;; is replaced by §(B + ig);;. We interpret these vertex
operators as deformations of the Lagrangian (B.§). Due to the appearance of Qg4 and
Qgap in the expressions for V;, and Vj, the quantity w £ %H in (B.9) is deformed by purely
(3,0) and (0,3) components dw + %5H . Note that H is automatically antisymmetric in all
indices. The definition of wgp. guarantees that it is antisymmetric in b and ¢; the fermion
couplings in (B.4), (B.9) and (B-I0) are consistent with this.

We have not performed the analogous computation for the universal hypermultiplet
Y- Instead, will deduce the corresponding auxiliary field from spacetime considerations in
sections 4 and 5.

14 As noted above, this is very dangerous.
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3.3 Target space interpretation

Following [fll, fl], our goal is to interpret the results of the previous subsection in terms of
known fluxes and target space structures. We will begin by organizing the results according
to the amount of broken worldsheet supersymmetry. At the end of this subsection we will
then identify the auxiliary fields in terms of intrinsic torsion classes for string backgrounds
with local SU(3) x SU(3) structure.

The basic results are as follows. We wish to describe independent deformations of
the two auxiliary fields ¥, 7. In type ITA compactifications, i and i can be independently
tuned, while staying within the class of manifolds with SU(3) structure and H-flux of
the type W34 in (R.10) and Hj4 in (R.11)). This is because the torsion and H-flux can be
adjusted independently, and the H-flux couples with opposite sign to left- and right-moving
worldsheet fermions.

However, for type IIB compactifications, we will see that there are a class of auxiliary
fields for which the H-flux does not contribute; the deformations are entirely geometric.
The fields y, 7 must correspond to different geometric structures coupling to the left and
right movers. Each defines an SU(3) structure. Thus, we expect that the compactifications
with y, 4 # 0 are locally manifolds with SU(3) x SU(3) structure. On the other hand, geo-
metric deformations couple identically to left and right movers, and the only way to enforce
the statement that a given SU(3) structure couples chirally is if the local patches of the com-
pactification are glued together with transformations which act chirally. These transforma-
tions cannot be diffeomorphisms — they must involve nontrivial reshufflings of string the-
oretic degrees of freedom, as does T-duality. Therefore, the generic manifold with either or
both of g, 5 must be a nongeometric compactification along the lines of [26-R§, B0, 58, b9].

3.3.1 N = (2,2) supersymmetry

In case of NV = (2,2) supersymmetry, we require that the spin connection and NS-NS
three-form, both with lowered vielbein indices, have no (3,0) or (0,3) components. This
follows from the fact that the torsion is a derivative of the metric g, with g ~ 90K for a
real potential K, as required by supersymmetry. Therefore, if N' = (2,2) supersymmetry
is to be preserved, a deformation of the form (B.9) must be accompanied by a change in
the almost complex structure.

If the deformation contains no H flux, the resulting background is a Calabi-Yau back-
ground. If the deformation has H # 0, then there must be two almost complex structures
satisfying (B.). The resulting six-dimensional background will no longer have SU(3) holon-
omy, but instead an SU(3) x SU(3) structure. As discussed in section 2.3, the two almost
complex structures satisfying (R.§) allow one to construct two conserved U(1)x charges on
the worldsheet, which are part of the /' = (2,2) superconformal algebra.'®

When N = (2,2) supersymmetry is preserved, as long as the U(1)g charge of physical
states remains appropriately quantized, we have not broken the spacetime supersymmetry.

50One could also attempt to construct two non-conserved U(1)g currents, Ji, k% and Jr by,
These can be bosonized and used to construct additional non-conserved spacetime supercharges in an N = 4
algebra. We expect the corresponding supersymmetries to be broken at the Kaluza-Klein scale.
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Given the assumption that violating the R-charge quantization rule of [id, p] corresponds
to turning on auxiliary fields in vector multiplets, backgrounds corresponding to y # 0
and/or § # 0 must correspond to backgrounds with reduced worldsheet supersymmetry.

3.3.2 N = (2,1) supersymmetry

A background for which y = 0 and 3 # 0 (and the auxiliary fields of the complex structure
moduli vanish) will preserve N’ = 1 spacetime supersymmetry. This requires N = (2,1)
supersymmetry on the worldsheet [49, B(].

The Kéhler deformations and deformations of the auxiliary fields can be classified
according to their representations with respect to the SU(3) structure group. The holo-
morphic and antiholomorphic indices of tensors on the target space transform in the 3
and 3 representations, respectively, of this SU(3). Kihler deformations of the metric 9ij
preserve the complex index structure. The metric g;; itself transforms as a singlet. Follow-
ing [[L0], we can use Lefschetz decomposition to parametrize Kéhler deformations according
to their SU(3) representations:

095 = t19;; + (Kg)is = t1g;5 + tg(wsa)ij- (3.11)

Here ¢; is a rescaling of the overall volume and transforms as an SU(3) singlet. The
primitive 2-form Kjg transforms in the 8 of SU(3), and the primitive 2-forms wg, =
(wga)iydz* A dZ7 for a = 1,...,h"! — 1 are a basis of the elements of H:Y (M) which
each transform in the 8 of SU(3).

The quantity €;;; is an SU(3) singlet. Therefore eqs. (B.9) and (B.10) imply that
the auxiliary fields y,y transform under the same SU(3) representation as the Kihler
deformation in the same supermultiplet.

Let us first consider the auxiliary partners yg of deformations of type Kg. Since
H is totally antisymmetric, a totally holomorphic deformation lies in a singlet of SU(3).
Therefore yg corresponds to a deformation of the spin connection only. It is clear that the
deformation (B.9) will break the left-moving A/ = 2 by breaking the U(1) g charge. However,
the spin connection couples with the same sign to both the left- and right-moving fermions.
In order that the deformation preserve the right-moving A/ = 2, there must be another
complex structure J; = Joy + §.J; under which the deformation (B.9) is no longer (3,0),
and which generates a conserved right-moving U(1)g charge J; = J+W1/)i¢i.

At this point we have a puzzle. If the background described by yg # 0 is a manifold,
nothing prevents us from defining a conserved left moving U(1)r current J_ = TPt Y
and restoring N = (2, 2) worldsheet supersymmetry as well as N/ = 2 spacetime supersym-
metry. The only possible problem is if the global structure of the compactification is such
that J_ is not well defined. This requires transition functions on the target space of the
sigma model which act differently on the left- and right-moving worldsheet fermions. This
is only possible in a locally geometric background if the worldsheet fields describing differ-
ent geometric patches are related by “stringy” transformations rather than just spacetime
diffeomorphisms. When the background is locally a torus fibration, T-duality on the fibers
is a classic example of such a transformation. We will sketch a more explicit example below.
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In summary, for yg # 0, §jgs = 0 there are either one or two almost complex structures.
The original complex structure generates a left-moving U(1)z that is explicitly broken and
may or may not be globally defined when coupled to either the left-movers or the right-
movers. There must be a deformed complex structure which is globally well-defined when
coupled to the right-movers, and is not globally well-defined when coupled to the left-
movers. The result is a background which is locally described as having an SU(3) x SU(3)
structure; globally it is not a manifold, and the left-moving U(1)g is either broken or not
globally defined. This is consistent with the observation in [1§] that compactifications
on manifolds with SU(3) x SU(3) structure are typically “nongeometric”. Note again
that our methods do not seem to include the totally nongeometric flux discussed in [[[d,
2(]. We believe that this is because we are considering a geometric starting point, and
studying small deformations. In this sense, backgrounds that are locally nongeometric
should correspond to some kind of large deformation; it would be interesting to make this
idea more precise.

Next, consider the auxiliary field y; that is the superpartner of the volume deforma-
tion. In this case, the corresponding deformation (B.9) of the worldsheet can be made up
of both the spin connection w and the torsion H. As above, this preserves N = (2,1) su-
persymmetry if an almost complex structure J, exists which is covariantly conserved with
respect to the torsionful connection I'_ =1T" — %H , (where I' is the Levi-Civita connection)
and with respect to which the metric is Hermitian [54, ().

If H # 0, the right-moving current J_ = Jw " ” will not be conserved; this
would require that [(8 + T+ %H )) J+] A = 0, which is incompatible with the left-moving
current being conserved. In this case it is possible that the background is globally a
manifold with SU(3) x SU(3) structure, without nongeometric features. Alternatively, .J_
may not be globally well-defined, and we have the same situation as yg # 0 discussed above.

3.3.3 N = (1,1) supersymmetry

Worldsheet supersymmetry by itself imposes no serious constraints in this case. The
deformations can lie in the subset of deformations with SU(3) structure, as long as the
complex structure is not conserved with either connection I't. To be able to tune 7,7
independently, we must be in the class of compactifications that have a local SU(3) x SU(3)
structure; for yg,ys to be independently tuneable, the backgrounds must presumably be
globally nongeometric.

3.3.4 Auxiliary fields and torsion classes

We have shown that general values of y,7 correspond to compactifications with local
SU(3) x SU(3) structure. The coupling of the left- and right-moving fermions will be
described by the almost complex structures Jy defining the two SU(3) structures indepen-

dently. Using eqs. (2.15), (B.9), and (B.10), we find that
Wi+ 3iH, =yt
W = 80y yhol; (3.12)
I
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and

N

WP+ 3iHi = i
W= =81 Uswi (3.13)
1

Note that since we are taking our auxiliary fields to be constant vevs, these equations
imply that W; and Hj are constant. This seems to imply, by (.10), that J A J is exact
(when all the other torsion classes are turned off ), which is not true for compact Calabi-Yau
backgrounds. In a noncompact model, J A J can be exact (for example, in flat space). At
any rate we only expect to be allowed to turn on a small amount of torsion and flux in
noncompact models.

3.4 SU(3) structure compactifications

String compactifications on manifolds with SU(3) structure have been intensively studied
in the last several years. Here we see how these fit into our framework. In these cases,
Wl = W2 =W, and Hl = H? = Hj. We can see instantly from eqs. (B.13) and (B.12)
that this means that yg, s are complex conjugates.

Because one can deform the metric and the H-flux independently, we may still sepa-
rately dial y1,%1. One might be tempted to conclude that since we can set i3 # 0, 1 # 0,
there is a class of SU(3) structure compactifications with Wy # 0 which is compatible
with spacetime supersymmetry. However, we will see in section 4 that the auxiliary field
for the universal (dilaton) hypermultiplet is a different linear combination of W; and Hj.
Therefore, if y1 # 0 and y; = 0, the auxiliary field g, in the universal hypermultiplet
will still be nonzero. This matches the known fact that half-flat manifolds in type IIB are

incompatible with spacetime supersymmetry (see [[f(] and references therein).

3.5 Nongeometric compactifications

We have shown that typical compactifications with yg # 0 should have “nongeometric”
features, in which the transition functions on different coordinate patches act chirally on
the fermions. Our argument was based on the requirement that despite the existence of
a well-defined left-moving U(1)g current constructed from an almost complex structure,
there should be no well-defined right-moving U(1)g current constructed from the same
almost complex structure. We will sketch a scenario in which this can occur, to make our
reasoning clearer.

Consider a compactification that is locally a complex manifold with a Lagrangian 7°
fibration. This fibration will have monodromies as one encircles singular loci of the fibration
on the base B [[[6, [1, [J]. For a purely geometric fibration, such as a Calabi-Yau [71] or
a manifold with “geometric flux” [I6, R0, 3, 4, the monodromy will lie in the group
GL(3,Z) of discrete diffeomorphisms.

More generally, this monodromy can lie in the full duality group of 7. We will restrict
ourselves (arbitrarily) to the perturbative duality group O(3,3;Z). Such backgrounds are
often known as “T-folds”; various examples have been discussed in [Rq-[1]|
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Imagine that the monodromy about some loop is a non-trivial T-duality acting on two
l-cycles of the torus, much as in the example discussed in [{J]. Let the coordinates y* be
the coordinates on the T and 2° be coordinates on the base Bs, such that 2! = % + iy,
for i = 1,2, 3. If the T-duality in the monodromy discussed above acts on y23, then it will
act on the fermions as

2,3 2,3
P — Yl (3.14)

and all other worldsheet fermions lying along the compactification directions will not trans-
form. If we write the fermions in complex coordinates, then the monodromy will act as:

i =y
s
P B (3.15)
Now, suppose that
3
Ty =Y ¥iv] (3.16)
=1

is a globally well defined operator — in other words, it will be preserved under monodromy
transformations arising from loops in B3 about the singular loci of the fibration. (The
operator is certainly invariant under the monodromy action above). It may seem natural
to define a left-moving U(1)g current

3
J_o=> oy (3.17)
i=1
but this is not globally well-defined, as the monodromy action on J_ is

J_ =P pE TP T T s E e — (3.18)

In general, only a monodromy action which includes a T-duality transformation will
act chirally on the fermions in this way. A more global analysis is required to see if a
different left-moving U(1)r charge is globally defined, and whether it is conserved; if no
such conserved current exists, then one can have an N’ = (1,2) compactification without
H-flux, as seems to appear when only the yg auxiliary fields are turned on.

3.6 Mirror symmetry

One goal of this paper is to understand mirror symmetry for compactifications with H-flux.
Here we argue that our results confirm previous statements [[[1], [0, [[9, Q] that the mirrors
of such compactifications are compactifications with local SU(3) x SU(3) structure, which
are often T-folds.

The first argument arises from the four-dimensional effective action. Consider a type
ITA compactification with nonvanishing auxiliary fields for the hypermultiplets, which are
complex structure deformations. In [l], fl], these auxiliary fields were shown to be combi-
nations of H-flux of type H3 4 and torsion of type W3 4, according to the definitions (2.1()
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and (R.11)). Mirror symmetry should leave the variables of the four-dimensional effective
action invariant. Thus, we expect that the mirror of such combinations of flux and torsion
to be auxiliary fields of type y1,yz, which are related to the Kéhler moduli.

The essence of this argument is that if mirror symmetry holds for Calabi-Yau back-
grounds, it holds for deformations of Calabi-Yau backgrounds, as long as one understands
the mirror map acting on deformations of the theory. Of course this is dangerous; we are
assuming that compactifications of the type we care about can be considered as connected
in field space to an N/ = 2 compactification, and that mirror symmetry remains valid for
off-shell deformations. Since we expect mirror symmetry to hold for all correlation func-
tions (which can be used to define an effective potential, at least in a power series about a
given point in field space) the assumption is not obviously wrong.

The second argument arises from the worldsheet point of view. From this standpoint
the reader might sensibly object that the cases we have in mind have at most N' = 1
spacetime supersymmetry and therefore at most N' = (2,1) worldsheet supersymmetry.
The conformal field theory explanation of mirror symmetry uses the structure of the N =
(2,2) superconformal algebra: namely, one simply reverses the sign of the right-moving
U(1)r current relative to the left moving U(1)g current.

However, we do not believe that this poses an obstacle to defining mirror symmetry
from the worldsheet point of view, at least if the ITA compactification is a manifold with H-
flux. Such type ITA compactifications with y # 0 still have a right-moving U(1)g current
J4 which exists but is not conserved: take the almost complex structure J_ v used to
define the left-moving U(1)g current, and write Jp = J_ . Tt still makes sense to
reverse the sign of this non-conserved U(1)g. In the IIB mirror, while the local almost
complex structure defining the left moving U(1)g cannot be used to construct a globally
well defined right-moving U(1)g current, there would be a different local almost complex
structure which leads to a globally defined but nonconserved right-moving U(1)z current.

4. Ten-dimensional supergravity calculation of auxiliary fields

In this section, we will calculate the auxiliary fields using ten dimensional supergravity, by
studying the supersymmetry variations of the fermions in the hypermultiplets directly. The
four-dimensional supersymmetry transformations are (2.3), with n™ the nowhere-vanishing
spinors defining the SU(3) x SU(3) structure, and 7, = 19 for Calabi-Yau backgrounds. For
the Kéhler moduli, this calculation should be essentially identical to the calculations in sec-
tion 3 — after all, the formula (B.4) essentially implements two spacetime supersymmetry
transformation on the worldsheet vertex operator for the scalar in the multiplet [55, €.
One difference will be that in this section we also consider auxiliary fields for the universal
hypermultiplet, with a superfield expansion as given in (2.1)). It would be worthwhile to do
the same calculation for the auxiliary fields that arise in the presentation of [g], or for other
off-shell hypermultiplets. Additionally, now that we are no longer confined to a worldsheet
description, one could include RR fluxes (as in [I(]). We expect these fields will show up as
additional contributions to the auxiliary fields; an argument that the RR 0-form appears
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in such a manner for vector multiplets was given in [, P]. They will also appear in other
off-shell representations of the hypermultiplets. We leave this exercise for future work.

We now proceed to calculate yy, ys, and the auxiliary field y4 for the universal hyper-
multiplet, in turn.

4.1 Auxiliary field for the volume deformation i,

For a general Kihler deformation (B.11)) of the Calabi-Yau metric away from a fixed metric
gij, the rescaling t1 of the volume can be picked out by contracting dg with g ,

1 -
t1 = 592]596 . (4.1)

Since the trace will select out a variation that is proportional to dg, it will be indepen-
dent of the internal coordinates.

We will work in ten-dimensional string frame, to more easily match the worldsheet
calculation of the previous section. The supersymmetry variation of §g implies that the
fermionic superpartner is:

N b NNE RGN

Kl = )y ] (42)
where the 4 subscripts for x denote four-dimensional chirality, WY are the two
ten-dimensional gravitinos polarized along M, and we have used 0.n(0Gmn) =
ieN (L ¥N 4 T, %), The bosonic part of the supersymmetry variation of y; will
come entirely from the supersymmetry variation of W,, in ([3). These are given
in [74, [74).'¢ Let yi\le = g1 and yivzz = y1. The supersymmetry variation of ¢ ; with
respect to an infinitesimal parameter ( is:

Xy = v @Y+

7 m 1
= 3N+ ® ()t <Dm + (_1)N§HmBC'7BC> Y+ (4.3)

where D,,n = Opn + %wmAB’yABn and capital letters A, B,... run over all six internal
indices.

Now, using (R.7), we find that
1

y1 =

. 1
3 [qun(nbmv"m) - —nb’”vBchBcn—} (4.4)

8

The specific expressions for ¢ are given in [[d, [3]. (¢m,@n do not contribute be-
cause they multiply the wrong chirality). Using (R.§), the first term on the left hand side
of ([.4) will project on the SU(3) singlet part of gm,. The result, combined with (R.9),
confirms (B.19), (B.13) precisely for y1,%1, up to an overall prefactor.

16Note that the subscripts + in appendix B of ref. [E] label the two supersymmetries of type IIB super-
gravity.
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4.2 Auxiliary fields yg for remaining Kéihler moduli

For a general deformation of the metric Ag,,, polarized along the internal directions, the
fermion partner under the supersymmetry deformation can be computed using the ten-
dimensional supersymmetry algebra:

e = (1) (Y 47, ) (4.5)

Note that these are not yet four-dimensional fields in the usual sense; Ag and v depend
on the coordinates of M. For a particular four-dimensional scalar arising from reducing
the metric on a particular internal wavefunction, we would reduce the fermion as well.

To find the auxiliary field y for such a deformation, we compute (5)@_ and find that:

y(lm") - (Zé(mp o J(mp) An)p — Z‘Q(mpq‘[{n)pq (46)

Again, y(lmn) as defined is not yet a four-dimensional field in the usual sense.

Now, if we are interested in the auxiliary fields for Ag;; = téwi]j, with w! a basis
of primitive harmonic (1,1) forms, we should expand y' = % in the same basis. Fol-
lowing [[[3, [§], H has terms transforming in the 1, 3, 6, and conjugates, and will not
contribute. The only term in g¢,, transforming in the 8 is proportional to W5, and the

result confirms (B.19), (B.13) for ys.

4.3 Auxiliary field y4 for the universal hypermultiplet

The real part of the scalar field in the universal hypermultiplet is the four-dimensional
dilaton ¢4 = ¢19 — %ln V. Since AV = 3At1V, we find that the four-dimensional dilatino
is, in string frame

>\:|:4 == (nﬁ) A 10, 2X{l\f:|: ( : )
USing the variations given in IE, @], we find that

31, - =
Yoo = 4 (Wll +ZH11)

A 31 .
Yoo = = (Wi — i) (48)

As an application of this result, recall that in section 3.4, we commented that even
though one can set y3 = 0 in the set of compactifications with SU(3) structure (for which
Hi = H? = H;, W! = W% = W), we expect that supersymmetry is broken if Wy, Hy # 0.
This is because y; and y4, are independent linear combinations of W1, Hy, and can both
vanish only if Wy, H; = 0.

This is very close to the results in [53, B3], which find that the F-term for the dilaton
is a combination of the (3,0) components of the NS-NS and R-R 3-form field strengths.
We find a purely NS-NS deformation because we are studying auxiliary fields which break
a different ' = 1 subgroup of the N' = 2 supersymmetry.
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5. Four-dimensional Supergravity calculation of auxiliary fields

In this section we check our results in section 3.4 against the superpotential for SU(3)
structure compactifications proposed by [I(]. Closely related and complementary results
were obtained in [6J.

5.1 Superpotential for SU(3) structure compactifications

Grana et. al. [IJ] computed the A" = 2 Killing prepotential and the superpotential for an
arbitrary A/ = 1 subalgebra of the N' = 2 symmetry of the effective action, for compacti-
fications with SU(3) x SU(3) structure. We will specialize to the case of SU(3) structure
with one or more of W o and H; # 0, and focus on the N/ = 1 subalgebras generated by
the left- and right-movers on the worldsheet.

As we have pointed out in the previous two sections, SU(3) structure compactifications
of this type break supersymmetry completely. In order to check our previous formulae,
we will choose one of the N/ = 1 subalgebras and use the results of [I(], who extract
the corresponding superpotential from the prepotentials. For example, we can choose a
superpotential W for the N/ = 1 supersymmetry corresponding to the superspace directions
0; this implies a nonvanishing expectation value of . The auxiliary field y of the N' = 2
hypermultiplet becomes the auxiliary field for the A/ = 1 chiral multiplet

w” + 0x* + 6%y” (5.1)
We can determine y by computing the Kéhler covariant derivative of W
FA = —eK/2ma gD (5.2)

where K is the Kéhler potential, and K is the inverse of K ob = 0a0pK, and my, 4 is the
four-dimensional Planck mass. The Kéahler covariant derivative is:
1
DaW = aaW + —2W8aK . (53)
Mp.a
The results of [I(] can be summarized as follows. Let us denote Kihler and complex
structure moduli by ¢ and u, respectively. Define

W (t,u) = z‘mf;A/(B +iJ)AdQ and W (f,u) = —z‘m;’;A/(B —iJ)AdQ (5.4)

where we assume that all geometric quantities in the integral are given in string units,
and the dimensionful factor in front is the correct one for the four-dimensioinal effective
action (cf. the appendix of [[77]).!” Specializing to the case of SU(3) structure, the results
of [L0] (cf. egs. (2.148) and (2.149)) imply that the A = 1 superpotentials for the V' = 1
subalgebras generated by left- and right-moving supersymmetries, respectively, are:

Wis(t,u) = W(t,u), Wis(t,u) = W(E,u) . (5.5)

In our noncompact case, one might worry about the convergence of (@) To avoid such problems, we
should think cutting off the large-volume part of our Calabi-Yau and gluing it into a compact space, taking
appropriate care with boundary conditions. We leave such questions to future work.
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These can be checked by matching the coefficients of the H-flux in the gravitino and
dilatino variations, between variations of the string frame fields in [{H, [[§] on the one hand
and the variations of the Einstein frame fields in [[[{].

For pertubations away from a Calabi-Yau geometry, these formulae deserve a word of
interpretation. We wish to split variations of B, J into:

B = Bey + B
J = Joy + Jy (5.6)

Here Jcoy, By correspond to the Kéahler form and NS-NS 2-form for the underlying
Calabi-Yau compactification — in particular we take them to carry all of the dependence
on the Kéahler moduli, and dBcy = dJoy = 0. By, J; are not closed — dB; = H, and dJ;
is a proportional to the intrinsic torsion. Similarly, we will write 2 = Qcy + 4, where
Qcy is closed and d€2; is proportional to various intrinsic torsion classes. In particular, if
we assume the intrinsic torsion and H are small, then we can write

3, = .
dJy = 7 (WiQcy — Wiay) + Wy A Joy + Ws

3, - _
dBy = Hy = — (HiQoy — HiQov) + Hi A Joy + Hs

dQ = WiJgy + Wa A Joy + Wi A Qcy. (5.7)

Note that this decomposition into a background and deformation is only valid for a
noncompact Calabi-Yau, where we are allowed to locally turn on small amounts of torsion.
In general, such a decomposition would not be sensible.

Let us consider the AV = 1 algebra generated by the left-movers, with superpotential .
The N’ = 1 Kahler potential is the sum of terms K, K5 and K3 for the Kahler moduli, com-
plex structure moduli and dilaton, respectively. The Kahler potential for Kéhler moduli is:

e H/mia = % /J AJAJ =38V, (5.8)

where V is the volume of M in string units. The Ké&hler potential for complex structure
moduli is

e~ K2/mpa = Z/Q AQ=8V. (5.9)

where  is the canonically normalized (3,0)-form (2, in the notation of ref. [[{]).!8
Finally, the Kéahler potential for the four-dimensional dilaton is:

o Ks/miy _ —26a _ _%(T —7), (5.10)

where 7 = a 4+ ie”2%’; g is the model-independent NS-NS axion dual to the NS-NS 2-form
in four dimensions; and ¢4 is the four-dimensional dilaton.

18 Canonically, %JS = éﬂ A Q = Volg, where Vols is the volume form. In the framework of ref. @], the
Kéahler and complex structure pure spinors are 4 = ce” 27 and Q_ = nQ.
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5.2 Overall volume modulus: 1 of SU(3)

We consider the metric deformation ¢1 in the 1 of SU(3): that is, §J = t1.J. The complex
scalar in the chiral multiplet can be written as w = b + it1, where B = bJ. If we write

V =V (w — w), then

3i
OV o = — 05V |w_o = ——Zv (5.11)

The relevant derivatives of the Kahler potential are:

3

KL@ = —m 48 an = —Em1214

(5.12)

9
Kiwo = —mg’éﬁw@@ InV = ngA

We wish to calculate yq, using (b.9) with W = Wig(t,u). The Kéhler covariant
derivative of W is:

= . . = 3 . =
DzW = —Zm;’)Aa@ /(BCY —iJoy) A d€y + §m§’)74 /(Ht —idJy) A Qcy

3 _
= —im /JCY A th + 2m /(Ht — ith) A Qcy

= —ZWl/J3 < ) (ﬁl W1 /Qcy/\QCY

= aV (W1 + 3iH,) (5.13)

where we have used J@y = %QCY A Qgcy (cf. [[{]), and where a is a numerical constant.
The resulting auxiliary field is:

y¥ = FY o« e myq (W) + 3iHy) = mg (W1 + 3il) . (5.14)

This matches (B.19). Note the explicit factor of the string mass m,. The auxiliary
partner F' of a dimensionless scalar will have mass dimension 1. The discussion of sec-
tion 3,section 4 was entirely in string frame; all of the lengths were measured in string
frame. The dimensions of superpartners arise from explicit powers of my that appear in
the spacetime superalgebra in string frame.

5.3 Primitive Kihler moduli: 8 of SU(3)

We now consider arbitrary Ké&hler moduli w® in the 8 of SU(3), defined by B + iJ =
>, ww?, where w® is a basis of H L1 The derivatives of the Kihler potential are:

im?
Ka = —4—{}’4/01&/\(]2,
ms, m24 2 2
K= — 4;’ (,ua/\(,ub/\J—l—16‘/2 </wa/\J></wb/\J>, (5.15)

and the derivative of the superpotential is:

OW = p4/wa/\dQ p4/wa/\(W2/\J—|—W1J2). (5.16)
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For Kéhler moduli w® in the 8 of SU(3), the corresponding (1, 1) forms w, are primitive.
so that w, A J2 = 0. In this case,

2

m
K,=0, Kg= —4&‘/’4 weg ANwpy NJ and O,W = z'mf,A/wa AWoAJ . (5.17)
Writing Wy = Wiwy,
DaW = 4iV Kgymy, W3 . (5.18)
so that
y" = cge?my, JWE = cgm W5 (5.19)

where cg is some complex numerical coefficient. Similarly,
Y = cymWy . (5.20)
This confirms the results given in section 3 and section 4.

5.4 Universal hypermultiplet

Next, let us describe the auxiliary fields of the universal hypermultiplet. Since eq. (f.4) is
independent of the dilaton, we have D,W = K, W proportional to the superpotential. In
type IIB, we find that

yT = C¢’16_¢4mp74 (E[l — ZV_Vl) ,
yT = che” % my (Hy — iWh) . (5.21)

where ¢y is a complex numerical constant. Now to compare this to previous sections, we
need to transform y7 to y?, using ¢ = —% In[(r — 7)/2i]. We find that

yT = é¢ms (Hl —’in) s
:éT = Ezms (Hl - ZWl) . (5.22)

where ¢4 is some complex numerical coefficient. This matches the result in section 4.3.

5.5 Complex structure moduli: 6 of SU(3)

Finally, in order to tie the language of SU(3) structures to previous work [, f], we will
also compute the NS-NS auxiliary fields for the type IIB complex structure moduli.

Refs. [[, @] showed that the auxiliary fields D4 corresponded to H and dJ lying
in H®Y. From the complex structure moduli u* in the 6 of SU(3), we define a basis of
primitive (2,1) forms

xa=DaQd = (8A + KA)Q. (5.23)

H and dJ can be expanded in this basis, as we will do.
In terms of the x4 and their complex conjugates, the metric K 55 in the complex
structure moduli space is

SxsAXa i

Kip=0;0K = A __
AB = 9AYB TOnr0 sy | X

BAXA- (5.24)
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Writing the real 3-forms Hg and W3 as

Hs :H§4XA—|—H§>2A and Wy :W3AXA+ 73‘45(;;, (5.25)
we can use (5.23), (b.2), and (5.4), to show that:
D, =cems (Hf' —iW3') and D2_ = cems (Hi +iW35') . (5.26)

for the NS-NS auxiliary fields in the vector multiplets, where cg is a complex numerical
constant. This is in precise agreement with the results in [fll, B].

6. Worldsheet instanton corrections

6.1 General remarks

Supergravity arguments have indicated that the mirror of compactifications with W3, Hg #
0 involves intrinsic torsion classes in a locally SU(3) x SU(3) structure background [[L0}, L,
[[§]. While this identification is surely correct, we expect that supergravity will be a poor
approximation for such compactifications.

One reason is that, as we have argued in section 3, nongeometric fluxes are generic
features of the compactification. The second reason arises from contemplating mirror
symmetry in its traditional setting, type II compactifications on Calabi-Yau backgrounds.
For compact models mirror symmetry only makes sense when worldsheet instantons are
included — indeed, the ability to compute instanton effects is to a large extent what made
mirror symmetry so exciting in the first place.

More precisely, let us consider type IIA string theory with expectation values for
auxiliary fields in the hypermultiplets. These will be described by NS-NS flux and torsion
of type Hs and W3 which, as mentioned in section 5.5, leads to a superpotential for complex
structure moduli. For a compact model the minimum of the corresponding potential is
generically deep in the interior of complex structure moduli space. If mirror symmetry is at
all valid, the mirror should have volumes of order the string scale, for which nonperturbative
worldsheet physics should become important.

Furthermore, recall that in local (noncompact) models, the superpotential for complex
structure moduli arises as a term breaking N' = 2 supersymmetry to N’ = 1 supersym-
metry. For vector multiplet moduli, one expands the prepotential to first order in the
nonvanishing auxiliary field, and integrates out the superspace directions for the broken
supersymmetry, to obtain the superpotential [III, B, [, @ A similar calculation should hold
for the hypermultiplet moduli. While we leave this project for future work, we note that
the N/ = 2 action for the Kahler moduli will receive worldsheet instanton corrections, and
so we expect the superpotential to receive such corrections as well. Indeed, in ref. [[[4],
Gurrieri and Micu attempted to match the bosonic four-dimensional effective action for
type IIB string theory on a half-flat manifold to a type IIA compactification with NS-NS

9The astute reader will sensibly complain that this has not stopped us from doing supergravity calcula-
tions either. Again, for local models we have some hope of being on good footing; beyond that, we should
start from the worldsheet discussion in section 3.
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3-form flux. Close inspection of this paper reveals that in order for the actions match in
detail, coefficients of various terms in the type IIB effective action must include terms from
worldsheet instanton corrections.

6.2 One-instanton contribution to the superpotential

We wish to show that when one can perturb a Calabi-Yau background to an SU(3)-structure
background with intrinsic torsion of type Wj 2, worldsheet instantons contribute to the
superpotential (for the A/ = 1 spacetime supersymmetry generated by either the left- or
right-moving worldsheet sector), with the one-instanton contribution entering precisely at
first order in W1 .

We begin by reviewing the argument in [f§, [[9], that for string backgrounds with
N = (2,2) worldsheet supersymmetry, the Kéhler moduli do not get instanton-generated
superpotentials. We will adopt the specific arguments in [B(] to our present purposes.

Assume that at least A/ = 1 spacetime supersymmetry is preserved, and arises from
the right-moving A = 2 worldsheet algebra (this could be secretly N' = 2 supersymmetric,
or the U(1)r charges of the right-moving vertex operators could fail to satisfy the correct
quantization conditions 9, F0].) The supersymmmetry transformations generate super-
space translations along é, and we will be studying antichiral superfields with respect to
this supersymmetry, to match the expansion in (R.1). If the Kihler moduli t* are the real
parts of scalar components ¢® of term of N = 1 superfields

D = ¢ + b + 0% (6.1)

then a superpotential of the form W = ¢*®*®? leads to terms of the form ¢?¢*4° in the low-
energy action, where g is the auxiliary field. This term exists if the worldsheet correlator

_ (_17_1) (_17_1) (070)
A_<V¢a v vl > (6.2)

where the superscripts refer to the superconformal ghost charge (or, the picture of the vertex
operator), and the subscripts to the corresponding spacetime fields. The zero-momentum
(—1,—1) picture scalar vertex operators are given in (B.5), and V5 is shown in (B.10).
Therefore, there are six total worldsheet fermions appearing in (@) However, in the
one-instanton sector of two-dimensional N = (2,2) theories, there are eight fermion zero
modes [[7§, [9: four left-moving fermions, two with holomorphic spacetime indices and
two with antiholomorphic target space indices; and four right-moving fermions, again, two
with holomorphic spacetime indices and two with antiholomorphic spacetime indices.
Now imagine that we can slightly deform the Calabi-Yau metric such that the new
metric has torsion of the type Wi 2. In particular imagine giving an expectation value to y
in (B-1). This means that the worldsheet action will contain a term of the form [ dszy(O’O),
with Vy(o,o) given in (B.9). In a noncompact model it may be possible to keep the coefficient
small (in a compact model we might expect some kind of quantization, as is the case with
NS-NS flux, making it difficult to treat the torsion perturbatively). To first order in this
perturbation, the cubic term in the superpotential will be nonvanishing if the correlator

A1 _ <V¢Si—1,—1)v¢fj—1,—1)vg(l?,0)/d2zvy(0,0)> (63)
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is nonvanishing. The form of the vertex operators indicates that there are terms in A;
corresponding to expectation values of eight worldsheet fermions with precisely the right
spacetime and worldsheet index structure to soak up the zero modes in the one-worldsheet-
instanton sector.

Of course, this computation is at best schematic, and valid for local models. It would
be interesting and important to describe worldsheet instantons and their effects directly in
compactifications with magnetic flux and SU(3) or SU(3) x SU(3) structures.

7. Conclusions

A principle lesson of this paper is that the string worldsheet provides a powerful organizing
principle for mathematical structures that describe NV = 1 type II string backgrounds
with intrinsic torsion. Furthermore, it is a necessary organizing tool, since generically
such backgrounds will have string-scale features such as nongeometric fluxes, and physical
quantities will have contributions that are nonperturbative in «’'.

However, an additional caveat is that in designing realistic string compactifications,
one typically includes Ramond-Ramond fields. In this case, one might have to appeal to a
formalism such as the one described in [R1].

To our minds, further progress in these directions require the construction of more
explicit examples of string compactifications with these features. Such features can arise
either classically or be sourced by quantum effects. Some progress on classically stabilized
moduli, with auxiliary fields for both hypermultiplets and vector multiplets, has already
been made for type ITA vacua [BJ]. Another possibility would be to N = (2,1) gauged
linear sigma models describing backgrounds with flux and torsion, taking the recent, elegant
construction [B3 for (0,2) models as a starting point.

To see how quantum effects might generate the features described in this paper, we note
that superpotentials generated by open string gauge theory effects or by D-instantons will
generically depend on the Kéhler moduli and on the dilaton. If supersymmetry is broken
by such F-terms, the auxiliary fields we have described here should be sourced by quantum
effects, or should appear classically as duals via a geometric transition as in [B4, B§. In
particular, for the scenario described in [Bg, 7], the bulk fields mediating supersymmetry
breaking are type IIB RR axions, and we expect that the corresponding F-terms will be of
the type described in the paper (or at worst will descend from auxiliary fields in another
off-shell description of the hypermultiplets).

Another direction of work which should be relatively straightforward is the extension
to heterotic flux compactifications [B§-P3. In these cases there are already a small set of
interesting examples.
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A. Mathematical conventions

The SU(3) and SU(3) xSU(3) structures employed in this paper can be defined, equivalently,
in terms of spinors nﬁ or in terms of the differential forms JV and QY for N =1,2. The
relationship between the two is given in eqs. (B.§), (2-9) and (B.14). The conventions given
below ensure the consistency of these definitions, and are used to compute the auxiliary
fields in terms of the intrinsic torsion classes.

A.1 Spinor conventions

The gamma matrices ¥4, for A = 1,...,6 are 8 x 8 complex matrices representing the
Clifford algebra {y4,78} = 2n*8 where n4P is the flat metric in the vielbein basis. The

A

gamma matrices with spacetime indices are ~,, = eﬁb’yA, where €7, is the vielbein for the

six-dimensional Euclidean compactification manifolds M. The gamma matrices
VA1 A = VAL YAs - - - VAL (A.1)
including the identity matrix (for k¥ = 0) and the chirality operator
V7 = 17123456, (A.2)

(for k = 6) are all linearly independent. Note that for the Euclidean space M we define ~;
in (A) with a factor of i so that (v7)% = 1.
The chiral spinors n4 satisfy the conditions

Sty ne = 0y,
s (LFy7)ne =0, (A.3)
as well as the Fierz identity
1N 1 A dy
Nt @1l = 3 > = 0 MhYAL . ATIEY ’ (A4)
k=0

where the gamma matrix for the k¥ = 0 term is the identity matrix. Note that this differs
by a factor of 2 from the conventions in refs. [I3, [(]. The factor of 1/8 is fixed by taking
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the trace of both sides; the trace over the identity matrix on the right hand side gives a
factor of 8 since the gamma matrices are 8 x 8 matrices if they are to act on spinors of
both chiralities.?"

It is also useful to define gamma matrices with complex indices, since we use these
extensively in this work. As usual, one can define 4* and 4’ to have the anticommutators

=297 and  {y 4} ={yA7} =0 (A.5)
These matrices act as fermionic raising and lowering operators, and can be used to
build the spinor representations of Spin(6). As a consequence of egs. (B.1(), the spinors
nY of eq. (B3 satisfy v'nY =~inl¥ = 0.
A.2 Metrics, p-forms, and the almost complex structure
Recall that the components of p-forms are defined as:

1

A= —'Ammnpala:"1 A...Ndx™
p!
1
= HABL”BpeBl/\.../\eBP (A.6)

where e? = eBda™.
As in section 3.2, it is useful to define a complex vielbein {e?, %} (cf. eq. (R.12)). Then,
in the vielbein basis, the metric is becomes

Gab = 577[113 (A?)

with 777 = 793 = 133 = 1 and other components of 7,; vanishing. In the same basis, the
fundamental form and canonically normalized (3,0) form are

J =igge® Aeb,

1
Q= geabce“ Aeb A el (A.8)

Here, the antisymmetric symbol €, is defined by
€123 = €231 = €312 = 1, €213 = €321 = €132 = —1,
with €., = 0 otherwise. Similarly, we define ¢3¢ by

(123 _ 231 _ 312 _ 4 213 320 _ 182 g

9

with €2 = 0 otherwise. In terms of the latter,

QaBE _ gaa gbB QCEQabc
= g 9" g €ape
= 8etbe (A.9)

20We would like to thank A. Tomasiello for explaining this, and for his patient and generous help with
sorting out the conventions.
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For the three-form field strength H, we follow the conventions of Polchinski [p4], [/5):

Hipnp = OmBrp + On Bpm + 0p Bmn, (A.10)
which is equivalent to H = dB, with the forms normalized in terms of their components
as in (A.4).
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